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A mathematical model of Lagrangian motions of a particle in turbulent ﬂows is developed
on the basis of a stochastic differential equation. The model expresses uncertainties
involved in turbulence by standard Brownian motion. Because the model does not guaran-
tee smoothness of the path of the particle, local velocity is newly deﬁned so as to be suit-
able for observation of a velocity time series at a ﬁxed point. Then, it is shown that the
newly deﬁned local velocity is governed by a Gaussian distribution. In addition, an estima-
tion method of the turbulent diffusion coefﬁcient involved in the model is proposed by
using the local velocity. The estimation method does not require tracer experiments. In
order to assess the validity of the proposed local velocity, velocity measurements with
three-dimensional acoustic Doppler velocimeters were conducted in agricultural drainage
canals. Also, the turbulent diffusion coefﬁcient was estimated by the derived time series of
the observed local velocity. Finally, a transport equation of conservative solute is derived
by using the linearity of the Kolmogorov forward equation without using gradient-type
lows.
 2011 Elsevier Inc. All rights reserved.1. Introduction
Transport problems of materials, such as solute and suspended sediments, have been of great concern because they are
closely linked to various environmental issues. In investigation of transport problems, analysis of phenomena involving dif-
fusion or dispersion effects is typically carried out using parabolic partial differential equations (PDEs) containing advection
terms. As early as 1984, Chatwin and Allen [1] reviewed the development of such PDEs representing solute transport in rivers
and estuaries, focusing on dispersion models with spatial and temporal averaging techniques. Advection–dispersion equa-
tions (ADEs) are the PDEs taking dispersion effects into account. The major water quality models currently in use are to
numerically solve the ADEs (Cox [2]). Fundamental properties of these ADEs have been well studied and they are recognized
as powerful tools in the analysis of environmental and hydraulic problems. Deng et al. [3,4] evaluated longitudinal disper-
sion coefﬁcients in several channels modeled as cross-sectionally averaged one-dimensional systems. Knock and Ryrie [5]
proposed a parameterization method for one dispersion coefﬁcient employed in two-dimensional ADEs. They also conducted
numerical analysis of dispersion of a solute in an actual shallow water body. Hunt [6] suggested a one-dimensional disper-
sion equation with a spatially or temporally varying dispersion coefﬁcient. His model includes the effect of velocity shear
near the leading and trailing edges of solute proﬁles. Zoppou and Knight calculated exact solutions of ADEs with coefﬁcients
linearly dependent on distance from point sources in one- [7], two-, and three-dimensional problems [8]. Zhou et al. [9]. All rights reserved.
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sional estuary to apply the ADEs for simulation of solute transport.
Mathematical models employed in conventional research are mainly developed on the basis of deterministic conservation
laws of mass and Fick’s laws representing analogies to gradient-type laws. However, some of these models include contradic-
tions between the mathematical descriptions of phenomena and the numerical techniques used in the analysis. In addition,
uncertainties involved in transport processes are not properly considered in most such research. However, several research-
ers have been investigating transport problems by employing other methods. In particular, research which models uncer-
tainties contained in transport mechanisms by using stochastic differential equations (SDEs) have demonstrated the
effectiveness of this approach.
As shown in Øksendal [10], SDE is a time-dependent differential equation governing a random process. The Kolmogorov
forward equation (KFE) and Kolmogorov backward equation (KBE) have also been shown to be equally useful tools for the
analysis of randomized phenomena. For example, Bodo et al. [11] reviewed fundamental properties of SDE, KBE, and KFE.
They mentioned the applicability of these equations to hydrological problems. Su [12] indicated that KFE is closely related
to many transport equations employed in environmental engineering problems. Unami et al. [13] analyzed the behavior of
ﬁsh ascending an actual agricultural drainage system. They modeled the ascending behavior by using a one-dimensional SDE
and associated KBE. Coefﬁcients involved in the model were determined based on the swimming and leaping ability of the
ﬁsh.
In environmental engineering, SDE, KFE, and KBE are said to be well studied to turbulent diffusion problems and disper-
sion problems. Once solute is injected into a ﬂow ﬁeld such as the atmosphere and a water body, its concentration proﬁle
evolves due to the advection effect from the velocity proﬁle and the diffusion effect from uncertainties arising from turbu-
lence. Then, the diffusion effect is usually modeled by several stochastic processes. In particular, the uncertainties involved in
the Lagrangian motions of a particle in turbulence are often modeled by the use of SDEs. Thomson [14] stated important cri-
teria for particle transport models to be used for turbulent ﬂows. The models discussed in the work are mainly composed of
two differential equations. One is a SDE describing the temporal evolution of the Lagrangian velocity of the particle, and the
other is a well-known ordinary differential equation (ODE) that deﬁnes velocity. Since the advent of his criteria for transport
models, many mathematical models have appeared within engineering. For example, Wilson et al. [15] calculated concen-
tration proﬁles of solute in a convective boundary layer with a model satisfying the criteria. Kurbanmuradov and Sabelfeld
[16] implemented three-dimensional stochastic process models to an idealized horizontally homogeneous atmospheric sur-
face layer problem and veriﬁed the accuracy of each model. However, these stochastic process models have difﬁculties con-
cerning computational costs and adaptive ﬂexibility. On the other hand, another type of Lagrangian particle model
constructed based on a SDE governing Lagrangian displacement of a particle has been developed in various studies. Because
of the ease of application to the analysis of actual transport problems, this type of model has advantages over the previous
type of model. In the ﬁeld of hydraulic engineering, Heemink [17] developed a stochastic process model of dispersion prob-
lems of solute in two-dimensional shallow water bodies; the ﬂuctuations involved were expressed by white noise. He ap-
plied the model to a realistic dispersion problem in a coastal area. Subsequently, further detailed investigations have
been conducted based on his research, in particular investigations using parallel and distributed numerical simulations with
large computational costs (Charles et al. [18]), and investigations of a suitable numerical scheme (Charles et al. [19]). Also, a
mathematical model representing ﬂuctuations as colored noise instead of white noise was proposed (Charles et al. [20]).
Monti and Leuzzi [21] applied particle models to geophysical turbulent ﬂows in marine environments and showed that
the effect of vertical mixing should not be neglected. Grawë [22] compared several numerical schemes for one-dimensional
particle models that model vertical turbulent transport in a water column.
In some research, transport equations of materials have been developed based on SDEs. For example, Man and Tsai [23]
discussed dispersion problems of suspended sediments by using a SDE. They indicated that the ADE of the suspended sed-
iments is a stochastic PDE having a more complicated form than that of conventional ADEs. Some researchers derived hydro-
dynamic equations from KFE. Beck and Roepstorff [24] demonstrated that the transport equation of ﬂuid density does not
become an advection equation but rather an ADE in the case of compressible turbulent ﬂows. Garbaczewski [25] obtained
a macroscopic transport equation of particles driven by a gradient-type ﬂow. In practice, identiﬁcation of dispersion coefﬁ-
cients in ADEs is a crucial issue. Singh and Beck [26] established a method to identify dispersion coefﬁcient of streams from
tracer experiment data using the exact and full solution of the one-dimensional ADE. Suh et al. [27] carried out a ﬁeld tracer
experiment to determine dispersion coefﬁcients in two-dimensional river environment. However, dispersion coefﬁcients
were treated as spatially constant in these researches.
The main purpose of the present work is to develop a mathematical model that describes turbulent transport from a sto-
chastic point of view. In order to provide a stochastic approach, a mathematical model of Lagrangian motions of a solute par-
ticle is proposed based on a SDE. Due to the deﬁnition of white noise involved in the model, the model does not guarantee
temporal continuity of local velocity. Therefore, a new discrete deﬁnition of local velocity is introduced. Herein, it is shown
that the Gaussian property is required for rationalization of the newly deﬁned local velocity. This requirement is not very
restrictive because the probability distribution functions (PDFs) of local velocities in simple stationary turbulent ﬂows obey
Gaussian distributions. The fact is theoretically derived by Monin and Yaglom [28], and experimentally observed by Nikora
et al. [29]. In parallel to the development of the stochastic process model, an identiﬁcation method of the turbulent diffusion
coefﬁcient is proposed. Unlike traditional estimation methods based on tracer experiments in the laboratory (Bricker and
Nakayama [30]) and ﬁeld observations (Chaw [31]), our method requires only observing the time series of the local velocity.
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agricultural drainage canals with three-dimensional acoustic Doppler velocimeters. Simultaneously, the Kolmogorov–Smir-
nov (KS) test is carried out to conﬁrm whether the local velocity has the Gaussian property. Finally, by using the linearity of
KFE, a new transport equation of the concentration proﬁle of a conservative solute is derived analytically without using any
empirical laws.
2. Stochastic process model
In this section, a schematic of a stochastic process model is given and several of its properties are described. The model is
developed based on a SDE. KFE and KBE associated with the model are parabolic equations. In addition, in order to utilize a
concept of local velocity into actual analysis, the local velocity is newly deﬁned in a discrete form.
2.1. Model description
Based on the assumption that solute particles move in a continuous manner in a given ﬂow ﬁeld, the governing equation
of Lagrangian motions of a solute particle in turbulent ﬂows is given as the following Itô SDE:dXt ¼ Vðt;XtÞdt þ rðt;XtÞdBt ; ð1Þ
where t is the time, Xt = [Xi,t] is the n-dimensional position of a particle, V ¼ ½Vi is the n-dimensional local deterministic
velocity, r = [rij] is the n m-dimensional volatility matrix, which satisﬁes that the turbulent diffusion coefﬁcient rrT/
2 = D = [Dij] is given as a positive deﬁnite matrix, and Bt = [Bi,t] is them-dimensional standard Brownian motion. The stochas-
tic process Xt is a Markov process because it evolves without any hysteresis. In order to ensure the existence of a solution Xt
satisfying the SDE (1), V and r are assumed to be sufﬁciently smooth functions (Øksendal [10]).
The stochastic process model (1) represents Lagrangian motions of a particle by the deterministic advection term
Vðt;XtÞdt and the stochastic ﬂuctuation term r(t,Xt)dBt. The latter term consists of a white noise process that has no differ-
entiable paths almost everywhere. This means that the model (1) does not guarantee temporal differentiability of Xt.
The exact expression of Xt with the initial value X0 is represented as the Itô integral of the formXt ¼ X0 þ
Z t
0
Vðs;XsÞdsþ
Z t
0
rðs;XsÞdBs: ð2ÞDeﬁne the probability which Xt is observed in a subset G 2 Rn under the assumption that Xs = y is observed at time s < t as
P(s,y, t,G). Then, the conditional PDF p = p(s,y, t,x) is deﬁned as a probability satisfying the conservation law of probabilityPðs; y; t;GÞ ¼
Z
G
pðs; y; t;xÞdx ð3Þand the Chapman–Kolmogorov equationpðs; y; t;xÞ ¼
Z
Rn
pðs; y;u; zÞpðu; z; t;xÞdz: ð4ÞBy substituting G ¼ Rn into (3), it is shown that P satisﬁes the following equation:Pðs; y; t;RnÞ ¼
Z
Rn
pðs; y; t;xÞdx ¼ 1: ð5ÞBecause Xt has the Markov property, the two parameters V and D are related to p byViðt;xÞ ¼ lim
s!t
1
t  s
Z
jjxyjj<e
ðxi  yiÞpðs; y; t;xÞdy ð6ÞandDijðt;xÞ ¼ lim
s!t
1
t  s
Z
jjxyjj<e
ðxi  yiÞðxj  yjÞpðs; y; t;xÞdy; ð7Þwhere e is a sufﬁciently small positive number and the norm ||x  y|| is deﬁned asjjx yjj ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃXn
i¼1
ðxi  yiÞ2
vuut : ð8ÞThen, according to Risken [32], both probabilities p and P satisfy KFEs@p
@t
þ
Xn
i¼1
@ðVipÞ
@xi

Xn
i¼1
Xn
j¼1
@2ðDijpÞ
@xi@xj
¼ 0; ð9Þ
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@t
þ
Xn
i¼1
@ðViPÞ
@xi

Xn
i¼1
Xn
j¼1
@2ðDijPÞ
@xi@xj
¼ 0; ð10Þas well as KBEs@p
@s
þ
Xn
i¼1
Vi
@p
@yi
þ
Xn
i¼1
Xn
j¼1
Dij
@2p
@yi@yj
¼ 0; ð11Þ
@P
@s
þ
Xn
i¼1
Vi
@P
@yi
þ
Xn
i¼1
Xn
j¼1
Dij
@2P
@yi@yj
¼ 0: ð12ÞBecause PDEs (9)–(12) are classiﬁed as linear parabolic equations, they govern the spatial and temporal evolutions of the
probabilities within a certain region. Therefore, once V and D are determined by whatever means, various statistical prop-
erties of turbulent transport problems of materials in a water body can be obtained from investigations based on these PDEs.
2.2. Observed velocity
By using the stochastic process model (1), the exact relationship satisﬁed in the ﬁnite interval [t, t +Dt] provided that
Dt > 0 is written as the Itô integralXtþDt ¼ Xt þ
Z tþDt
t
Vðs;XsÞdsþ
Z tþDt
t
rðs;XsÞdBs: ð13ÞAssume that a particle moves in a ﬂow ﬁeld passively. Then, speed of the particle is identiﬁed with local velocity at each
point in the ﬂow ﬁeld. In a deterministic dynamical system describing motions of a particle in which the position Xt is dif-
ferentiable, the local velocity Vt is ordinarily deﬁned in a differential form asVt ¼ dXtdt : ð14ÞThe ODE (14) is recognized as the deﬁnitional identity of the local velocity Vt in a temporally continuous system. However,
the model (1) does not describe the position Xt as a smooth function due to the existence of the white noise. Therefore, def-
inition (14) cannot be utilized here. By way of compensation, we consider a small variation of Xt over a ﬁnite time increment
Dt, which givesVobst ¼
XtþDt  Xt
Dt
¼ 1
Dt
Z tþDt
t
Vðs;XsÞdsþ 1Dt
Z tþDt
t
rðs;XsÞdBs: ð15ÞAs Dt approaches 0, Vobst converges to the deﬁnition of local velocity. When the ﬂow regime is recognized as a temporally
homogeneous turbulent ﬂow, Vobst at a ﬁxed point is approximated asVobst ¼ V þ
1
Dt
rDBt ; ð16Þwhere DBt = Bt+Dt  Bt is the increment of the standard Brownian motion. According to (16), the stochastic process Vobst  V
obeys the normal distributionNð0n;XÞ where 0n is the n-dimensional zero vector, andX ¼ 1
2Dt
D ð17Þis the covariance matrix of Vobst  V. Therefore, the distribution of Vobst  V depends on the ﬁnite interval Dt and has a PDF
that is given as a Gaussian kernel. The assumption that Vobst  V is governed by a Gaussian PDF is sometimes appropriate in
applications involving Gaussian turbulent ﬂows. In an actual application, if the covariance matrix of Vobst  V is derived with
sufﬁcient time series data of local velocity using a regular (i.e., ﬁxed) interval Dt, the approximated value of the turbulent
diffusion coefﬁcient D can be estimated at each ﬁxed point in the ﬂow. D is explicitly expressed asD ¼ Dt
2
E Vobst V
obsT
t
h i
 VVT
 
; ð18Þwhere E[/] represents the expectation of a value / related to the stochastic variable Vobst  V and the superscript T indicates
the transpose of the vector. In the case of temporally homogeneous turbulent ﬂows, D should be given as a spatially distrib-
uted ﬁnite value. Therefore, in order to keep D ﬁnite, Vobst is required to satisfy the constraint conditionslim
Dt!þ0
DtE Vobst V
obsT
t
h i
¼ const > 0 ð19Þ
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Dt!þ0
E Vobst V
obsT
t
h i
¼ þ1: ð20Þ2.3. Identiﬁcation method of the turbulent diffusion equation
Here, we develop an identiﬁcation method for local value of D by using only local velocity time series data in temporally
homogeneous turbulent ﬂows. Suppose that the time series of the observed local velocity VobskDtð1 6 k 6 NÞ consisting of N P 2
samples in the observation period [0, tf] with ﬁxed sampling time interval Dt = tf/(N  1) is given. Under this assumption, the
deterministic velocity V is estimated as an arithmetic mean value of VobskDt asV ¼ 1
N
XN
k¼1
VobskDt : ð21ÞThe expectation matrix E½VobskDtVobsTkDt  is estimated as the summationE VobskDtV
obsT
kDt
h i
¼ 1
N
XN
k¼1
VobskDtV
obsT
kDt : ð22ÞSubstituting (21) and (22) into (18), D is simply estimated asD ¼ Dt
2
1
N
XN
k¼1
VobskDtV
obsT
kDt 
1
N
XN
k¼1
VobskDt
 !
1
N
XN
k¼1
VobskDt
 !T0@
1
A: ð23ÞThe above identiﬁcation method is convenient for estimating D.
3. Application
Using time series data obtained from velocity measurements in agricultural drainage canals at several observation sta-
tions, whether the observed local velocity has the Gaussian property is assessed using the KS test. Then, the turbulent dif-
fusion coefﬁcient is estimated using the method introduced in the Section 2.3.
3.1. Flow velocity measurements
Flow velocity measurements in two agricultural drainage canals, U-canal and K-canal, were performed to obtain time ser-
ies data of local velocity in actual turbulent ﬂows. Both of the canals are uniformly rectangular-shaped open channels made
from concrete. Flow regimes observed in these canals were steady shallow water ﬂows. Thus, we assume the local velocity
seen in both canals as following a stationary process. Incidentally, signiﬁcant shock waves were observed on the water sur-
face at K-canal arising from a bending of the canal upstream from the observation points.
Table 1 shows the water depth H, the channel width B, and the channel slope S0 measured in each canal. As a spatial coor-
dinate system, an x–y–z three-dimensional orthogonal coordinate system is employed. The x-direction is parallel to the ﬂow
direction, y-direction is perpendicular to the ﬂow direction, and z-direction is vertical, orthogonal to the canal bed.Table 1
Canal parameters.
Canal H(m) B(m) S0(m/m)
U 0.14 0.69 9.0  103
K 0.32 0.70 8.0  104
Station
y
z
d
h
B/2 B/2
H
Fig. 1. Sketch of h and d deﬁning the location of a station in the cross-section of canal.
Table 2
Station locations.
Station d(cm) h(cm)
U-1 2.8 5.9
U-2 2.8 4.0
U-3 2.8 0.55
U-4 33 2.5
K-1 1.2 5.3
K-2 0.0 5.3
y
z
B/2 B/2
H
U-2 U-1 U-3 U-4
Fig. 2. Locations of four observation stations in U-canal.
y
z
B/2 B/2
H
K-1 K-2
Fig. 3. Locations of two observation stations in K-canal.
Table 3
Observation parameters.
Canal Dt(s) N tf(s)
U 0.04 1500 60
K 0.015625 7680 120
H. Yoshioka et al. / Applied Mathematical Modelling 36 (2012) 1796–1805 1801The velocity measurements were conducted at a total of six observation stations. Four of these are located in U-canal (U-1
through U-4) and the other two are in K-canal (K-1 and K-2). Fig. 1 deﬁnes the transverse directional distance d from the
center of the canal as well as the height h from the lowest point of the canal bed, in order to locate the stations within their
cross-sections (y–z plane). Table 2 summarizes the values of h and d, and the locations of the stations are plotted in Fig. 2 (U-
canal) and Fig. 3 (K-canal). As indicated in these ﬁgures, only station U-4 is located at near the side wall of the canal: the
remaining stations are located near the (horizontal) center.
The time series of local velocity was measured by three-dimensional acoustic Doppler velocimeters. For technical reasons,
different velocimeters were used in the different canals (Nortek Vectrino and Nortek Vector for U-canal and for K-canal,
respectively). Table 3 shows the ﬁxed discrete interval Dt, the total number of observations N, and the total observation per-
iod tf for each canal.
The observed local velocity is taken as Vobst . Table 4 shows the deterministic local velocity observed at each station. Sub-
scripts 1, 2, and 3 represent the x, y and z directional components, respectively. As given in the table, the deterministic local
velocities at K-canal are faster than those of U-canal. An example of the observed time series of the local velocity is plotted in
Fig. 4. As shown, from a qualitative point of view, the ranges of ﬂuctuation of the local velocity is signiﬁcantly larger hori-
zontally (x- and y-directions) than vertically (z-direction). This tendency was also observed in the time series derived at the
other stations.
Table 4
Deterministic velocity V.
Station V1 V2 V3
U-1 0.29 0.01 0.00
U-2 0.28 0.01 0.00
U-3 0.24 0.00 0.00
U-4 0.12 0.02 0.02
K-1 0.93 0.01 0.01
K-2 0.95 0.01 0.01
0 10 20 30 40 50 60
-0.2
-0.1
0.0
0.1
0.2
0.3
0.4
Time (s)
Ve
lo
ci
ty
 (m
/s)
x-direction y-direction z-direction
Fig. 4. Time series of the local velocity observed at U-3.
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The fundamental assumption that the time series of observed local velocity are consistent with Gaussian distributions
should be assessed using a statistical test. Taking this assumption as the null hypothesis, the KS test is conducted. The KS
test is often used when judging whether obtained samples are governed by a certain PDF (Kloeden and Platen [33]). Because
the stochastic process Vobst  V is assumed to be a Gaussian process, the KS test is suitable for this veriﬁcation. Therefore, the
test is applied to the three-dimensional discrete time series of the local velocity observed at each station.
The results of the KS test with regard to 1% and 5% signiﬁcance levels are given in Table 5. As shown, only the case U-4-y at
the 5% signiﬁcance level is rejected for the time series observed in U-canal. This rejection may be due to the fact that station
U-4 is located near a side wall of the canal, where the nonlinearity of the turbulence ﬂuctuations cannot be neglected. How-
ever, U-4-y at the 1% signiﬁcance level is accepted, and so there is no discrepancy with the null hypothesis for the time series
observed in U-canal. By contrast, for the results of the KS test applied to the data obtained in K-canal, the two cases K-1-y and
K-2-y are rejected at both signiﬁcance levels. This can be attributed to the existence of shock waves on the water surface and
the lack of resolution power of the velocimeter employed in K-canal.Table 5
Results of the Kolmogorov–Smirnov test.
Case Signiﬁcant level 1% Signiﬁcant level 5%
U-1-x Accepted Accepted
U-1- y Accepted Accepted
U-1-z Accepted Accepted
U-2-x Accepted Accepted
U-2-y Accepted Accepted
U-2-z Accepted Accepted
U-3-x Accepted Accepted
U-3-y Accepted Accepted
U-3-z Accepted Accepted
U-4-x Accepted Accepted
U-4-y Accepted Rejected
U-4- z Accepted Accepted
K-1-x Accepted Accepted
K-1-y Rejected Rejected
K-1-z Accepted Accepted
K-2-x Accepted Accepted
K-2-y Rejected Rejected
K-2-z Accepted Accepted
Table 6
Estimated D (m2/s).
Station D11 D22 D33 D12 D23 D31
U-1 2.58  105 1.63  105 8.57  106 1.92  106 1.35  106 2.45  106
U-2 2.30  105 1.66  105 5.65  106 8.00  107 7.81  107 2.09  106
U-3 3.38  105 2.06  105 4.86  106 2.45  106 9.29  107 4.60  106
U-4 2.28  105 1.45  105 8.17  106 5.60  106 3.63  107 3.14  106
K-1 1.97  104 1.51  104 6.10  105 2.03  105 7.40  107 3.20  105
K-2 1.88  104 1.36  104 5.38  105 1.84  105 2.48  107 2.42  105
H. Yoshioka et al. / Applied Mathematical Modelling 36 (2012) 1796–1805 1803In summary, with a few exceptions, on the basis of the ﬂow regimes observed at the two canals, it can be concluded that
the stochastic process Vobst  V approximately follows a Gaussian distribution.
3.3. Turbulent diffusion coefﬁcients
By using the time series of local velocity observed at each station, estimated values of the turbulent diffusion coefﬁcient D
are calculated based on the estimate equation (23). Table 6 shows the calculation results of D. As shown, the diagonal ele-
ments of D are approximately 10-fold larger than the non-diagonal elements. Among the diagonal elements, the horizontal
elements are considerably larger than the vertical elements. This follows from the fact that the ﬂow regimes observed in the
drainage canals are horizontally dominant turbulent ﬂows.
The absolute values of the elements of D are smaller than previous estimates. This difference is considered to be due to D
being treated as a local value in the present study. Also, the resolution capability of velocimeters is considered to signiﬁ-
cantly inﬂuence results. Further investigations will be necessary in order to fully clarify the reason for the disparity.
4. Transport equation of the conservative solute
In this section, we derive a parabolic transport equation describing evolutions of concentration proﬁle of a conservative
solute without experimental approximations such as gradient laws. We use the Markov property of Xt and the linearity of the
associated KFE.
Deﬁne the total mass of a conservative solute contained in the ﬁnite arbitrary set G 2 Rn as M(t,G) and the concentration
of the conservative solute as C(t,x). M and C are assumed to be deterministic variables and to satisfy the mass conservation
equationMðt;GÞ ¼
Z
G
Cðt;xÞdx: ð24ÞBecause the stochastic process Xt has the Markov property, M, C, p, and P are related byMðt;GÞ ¼
Z
Rn
Cðs; yÞPðs; y; t;GÞdy ¼
Z
Rn
Cðs; yÞ
Z
G
pðs; y; t;xÞdxdy ¼
Z
G
Z
Rn
Cðs; yÞpðs; y; t;xÞdydx: ð25ÞBecause G is an arbitrary set, we obtainCðt;xÞ ¼
Z
Rn
Cðs; yÞpðs; y; t;xÞdy: ð26ÞBy using the linearity of the KFE (9), we derive the transport equation of C as follows:@C
@t
þ
Xn
i¼1
@ðViCÞ
@xi

Xn
i¼1
Xn
j¼1
@2ðDijCÞ
@xi@xj
¼ 0: ð27ÞThe PDE (27) is interpreted as a transport equation by means of the Markov property of Lagrangian motions of a solute par-
ticle in turbulent ﬂows. This equation represents solute transport by the advection term with the velocity V and the diffusion
term with the turbulent diffusion coefﬁcient D. In the derivation process, the diffusion term arising from ﬂuctuations in tur-
bulence is naturally introduced into the expression. Additionally, the form of the diffusion term of (27) is different from that
of conventional transport equations, except when D does not vary spatially. Because (27) belongs to the class of parabolic
equations, as do the conventional ones, it can be applied to turbulent transport problems arising in water bodies.
5. Conclusions
A stochastic process model governing Lagrangian motions of a solute particle in turbulent ﬂows was developed in this
paper. Under the assumption that the Lagrangian motions of the particle satisfy temporal continuity, the model represents
uncertainties in particle motions by standard Brownian motion.
1804 H. Yoshioka et al. / Applied Mathematical Modelling 36 (2012) 1796–1805Because the stochastic process model does not guarantee smoothness of particle paths, observed local velocity with a ﬁ-
nite time interval was newly deﬁned. In temporally homogeneous turbulent ﬂows, the observed local velocity obeys a nor-
mal distribution whose covariance varies inversely proportional to the discrete time interval. Then, an explicit estimation of
the turbulent diffusion coefﬁcient was derived based on the deﬁnition of the observed local velocity. With this estimation
method, the turbulent diffusion coefﬁcient can be easily derived without resorting to expensive experiments, such as tracer
experiments.
In order to estimate the turbulent diffusion coefﬁcient in actual turbulent ﬂows, velocity measurements were conducted
at several stations in two agricultural drainage canals. Then, whether the observed local velocity has the Gaussian property
was assessed using the Kolmogorov–Smirnov test. Results of the test showed that the observed velocities are almost Gauss-
ian. According to the obtained results of the estimations of the turbulent diffusion coefﬁcients, diagonal elements of the tur-
bulent diffusion matrix are approximately one order of magnitude larger than the non-diagonal elements. In addition, the
absolute values of the elements were much smaller than those seen in prior research.
Finally, by use of the proposed stochastic process model, a new transport equation of the concentration of a conservative
solute was developed that did not require empirical gradient laws. The form of the diffusion term of the new transport equa-
tion is slightly different from that of conventional equations. Because the transport equation is a linear parabolic equation, it
can be easily applied to actual transport problems arising in water bodies.
The stochastic process model developed in this work is considered to be only applicable to restricted turbulent ﬂows, such
as Gaussian turbulence. Therefore, when one analyzes more complicated turbulent ﬂows having nonlinear ﬂuctuations and
non-Gaussian properties, more sophisticated techniques will be necessary.Acknowledgement
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